Abstract. In this work, we establish lists for each signature of tenth degree number fields containing a totally real quintic subfield and of discriminant less than 10 13 in absolute value. For each field in the list we give its discriminant, the discriminant of its subfield, a relative polynomial generating the field over one of its subfields, the corresponding polynomial over Q, and the Galois group of its Galois closure.
Introduction
Although A. Leutbecher showed 42 examples of totally imaginary tenth degree Euclidean fields in 1985 [5] , there exist, to our knowledge, no extensive tables of tenth degree number fields. In this paper, we present tables for each signature of tenth degree number fields containing totally real quintic fields, of discriminant less than 10 13 in absolute value. To establish these lists we have explicitly constructed all quadratic extensions of totally real quintic fields with discriminant less than 10 13 in absolute value, each field being defined by a second degree generating polynomial with coefficients in a convenient subfield. To obtain these lists, we used techniques of the geometry of numbers [6] as described in the second section of this paper. The description of the results is done in the third section, where we also provide several tables illustrating some of the results of these computations.
The method
If L is a number field of degree n and of signature (r, s), we denote by ϑ L its ring of integers, by d L its discriminant, by h + L the narrow class number of L and by J(L) the set of distinct Q-isomorphisms of L into C. For β ∈ L, we denote the corresponding conjugates by β (1) , ..., β (n) and we set
Each relative quadratic extension of a quintic field will be given by a second degree polynomial with coefficients in the subfield. In this section we develop a method allowing us to construct explicitly all the relative polynomials.
Let K be a number field of degree 10, of signature (r, s) and of discriminant d K , such that |d K | ≤ 10 13 , containing a totally real quintic field F . Theorem 2.8 of 838 SCHEHRAZAD SELMANE J. Martinet [6] proves the existence of an integer θ ∈ K, θ / ∈ F , such that K = F (θ) and
where J σ (K) = {τ ∈ J(K) : τ /F = σ}. This inequality is also valid for all elements of K of the form θ + γ or −θ, where γ is any integer of F . Let
be the minimal polynomial of θ over F . We denote by θ the other root of P , by P σ (x), σ ∈ J(F ), the polynomial
and we define f (x) the polynomial
To construct all the polynomials P of which a root generates one of the searched fields K over F , we will work in the field F . Since
, where δ is the relative discriminant of K/F and N is the absolute norm in the extension F/Q, we must consider all totally real quintic fields F with discriminant smaller than 10 13 2 [4] . We assume that the discriminant d F and an integral basis W = {w 1 = 1, w 2 , ..., w 5 } of F are already known. We denote by B the matrix whose (i, j) entry is w (j) i and we define A = B · B t . Let us show how to determine the coefficients a and b of the relative polynomial P . Since the inequality (1) is valid by translation by an element of ϑ F , we only have to make a run through a system of representatives of ϑ F modulo 2ϑ F , and so only 2 5 values must be considered for a:
We determine all the possible values of b from the second relative symmetric function,
We notice that for a fixed value of a, the running time for the computation of the possible b's strongly depends upon the size of the real constant bound κ
. The constant κ only depends on the value of a. Let us show now that a can be chosen such that κ will be minimum. Indeed, as inequality (1) 
Then we decompose the matrix A into a sum of squares by Cholesky's method [8] 
and we make c 1 , ..., c 5 run through the integer values for which q(c) ≤ T 2 (a) and for which the relationship c ≡ a (mod 2ϑ F ) is satisfied. We shall associate to a the value of c for which q(c) is minimal, and we shall set C =
Remark 2.1. The choice of a is independent of the signature of K and is also independent of the chosen bound; it depends only on the field F . Therefore, we have established the list of the 32 possible values of a for a fixed quintic field, and have considerably improved the execution time of our programs.
Once a convenient value of a is determined, we compute the set of suitable values
which comes from (1) and the inequality
If we represent s 2 by means of the basis W , s 2 = 5 i=1 y i w i , we notice that
2 | 2 is just the quadratic form q in the coefficients y 1 , ..., y 5 (y = (y 1 , ..., y 5 )). As we have already computed the coefficient matrix A and decomposed it into a sum of squares, we compute all y ∈ Z 5 subject to q(y) ≤ C 2 and y i ≡ z i (mod 2) (1 ≤ i ≤ 5), where a 2 = 5 i=1 z i w i . Therefore we obtain all the possible choices for the coefficient b.
For each of the constructed polynomials, we start by determining whether it can define a field with the desired signature. This question is solved by simply examining the sign of the polynomial discriminant ∆ = a 2 − 4b of each conjugate of P . To considerably reduce the number of polynomials to be considered, we also eliminate the polynomials having too large values of T 2 (θ). To achieve this, we check whether the inequality
which follows from inequality (1) and the fact that if z and z are two complex numbers then
is fulfilled. The computation of the roots of the five conjugate polynomials of P was only necessary for totally real tenth degree fields, to test the irreducibility of the polynomial P . We computed L = |N (∆)|; if L is squarefree, we obtain the value of d K directly; otherwise we used KANT [2] to compute the field discriminant.
For each value of d K less than 10 13 in absolute value we have found several polynomials; the number of these polynomials varies between 545 for the first ones and 4 for the last ones. To decide whether or not such polynomials correspond to isomorphic fields, the function OrderIsSubfield [2] was used. To compute the Galois group of each polynomial represented in the tables, we used KANT [2] .
Description of tables
This section is devoted to a brief description of some information provided by these computations; several tables illustrating some of the results are given.
In Table 1 , we present the number of fields that were constructed as well as the number of the discriminants for which there are exactly k non-isomorphic fields with the same discriminants.
In Table 2 , we give some data regarding the smallest discriminant for each signature where ρ 1 (resp. ρ 2 , ρ 3 ) is a root of the polynomial
and where η denotes the number of conjugate extensions. Table 2 . 
